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We observed that Faraday waves are parametrically generated on a free surface of superfluid 4He when a
sample cell is vibrated vertically. Standing-wave patterns appear on the surface, and their frequencies are
one-half the driving frequency. We observed clear threshold amplitudes of the vibration for the instability. The
difference in the threshold between the superfluid and the normal fluid is explained by a wall damping.
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I. INTRODUCTION

Waves are parametrically excited on the free surface of a
fluid when its container is vibrated in the vertical direction.
This phenomenon is called Faraday instability �1�. The ver-
tical vibration of the container is equivalent to a periodic
modulation of the gravity acceleration and the instability is
described by the Mathieu equation. It is regarded as a model
system for the physics of pattern formation and nonlinear
dynamics �2–10�. To date experiments have been performed
only in viscous fluids and no measurement has been made in
a superfluid. It is not known how the superfluid 4He reacts to
the parametric driving or how the two-fluid hydrodynamics
modifies the behavior. We visually observed that Faraday
waves were parametrically generated on a free surface of
4He both in the normal fluid at 3.7 K and in the superfluid at
very low temperatures, 400 and 700 mK, where the fraction
of the normal component is negligible. A Faraday wave was
generated at one-half of the driving frequency above the
threshold of the vibration amplitude. The threshold ampli-
tude was larger in the normal fluid than in the superfluid.

Other types of instabilities have been found in the inter-
faces of superfluid He and allowed an understanding of the
instability problems in the viscous-free limit. Leiderer ob-
served a period doubling of a charged surface wave of su-
perfluid 4He in a large electric driving field �11�. Kim et al.
reported that superfluid fog can be generated on the free
surface through the Rayleigh-Taylor instability by a strong
acoustic driving of the surface �12�. Shear flow between the
A and B phases in superfluid 3He causes the Kelvin-
Helmholtz instability �13�. Recently, Faraday waves were
found in a Bose-Einstein condensate of ultracold gases �14�.

II. EXPERIMENT

We were able to vibrate a sample cell containing liquid
4He vertically while keeping it at a very low temperature.
Experiments were performed in an optical dilution refrigera-
tor �15,16�, and the superfluid free surface was observed vi-
sually. As shown in Fig. 1, the sample cell consisted of a
polycarbonate cup, a brass middle flange, and a copper top
flange. The polycarbonate cup �E� was polished so that it
was clear and its interior could be seen. It was 26 mm in

inner diameter, 36 mm in outer diameter, and 50 mm in
height with a flat bottom. The brim of the cup was threaded
so that it fixed to the brass flange and was glued to it by
Stycast 1266. The copper flange had sintered silver for a heat
exchanger and sealed the brass flange by an In wire. The
sample cell was made light enough, about 300 g, so that it
was vibrated easily. Two plate springs of stainless steel �C�
supported the cell. It was thermally anchored to the mixing
chamber through annealed copper wires, which were long
and gently bent so that they did not prevent the vibration.
The lowest temperature achieved was 100 mK in this setup.
The depth of the liquid 4He was about 3 mm.

The sample cell had a cylindrical SmCo permanent mag-
net �A� on the top flange, whose diameter and height were
13 mm and 12 mm. The magnet was positioned at the center
of an anti-Helmholz superconducting coil �B�. The coil had
an inductance of about 50 mH and a total resistance includ-
ing a high-temperature region of 21 �. We could vibrate the
sample cell by applying an ac current to the coil. The reso-
nance frequency of the vertical vibration of the sample cell
was 33 Hz, and the half width was 4 Hz. In order to calibrate
the amplitude of the vibration, A, we applied current to the
coil which was a few times larger than that used for the
experiment so that the vibration of the cell was large enough
to be seen. The vibration was recorded by a high-speed cam-
era at each frequency used for the experiment. We estimated
the amplitude in the smaller current assuming a linear re-
sponse, and the uncertainty of the amplitude was about 10%.
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FIG. 1. Schematics of the experimental setup. A: SmCo magnet.
B: anti-Helmholz superconducting coil. C: plate spring. D: mirror.
E: polycarbonate cup. Dotted arrows represent the two optical paths
used in the experiment �see text�.

PHYSICAL REVIEW E 76, 046305 �2007�

1539-3755/2007/76�4�/046305�4� ©2007 The American Physical Society046305-1

http://dx.doi.org/10.1103/PhysRevE.76.046305


A can be converted to the modulation of the gravity accel-
eration as �g=A�2�f0�2 at a driving frequency of f0.

Two configurations of the optical setups were used to
view the superfluid free surface. The surface was illuminated
from a back window in both cases. We recorded the image
through a front window using a high-quality camera or the
reflected image by a mirror �D� over the surface through the
back window using a high-speed camera. The former is suit-
able for observing a large part of the surface to see its profile
and the latter for a part of the surface to obtain information
about the wave in a frequency domain. Figure 2 is the profile
of the surface by the high-quality camera. The camera looked
slightly downward upon the surface at an angle of about 20°.
Figure 2�a� is an image of the flat free surface without vibra-
tion at T=700 mK. We turned on the vibration of the sample
cell at t=0 s at f0=24.0 Hz and �g=0.27 m/s2. Standing
waves developed on the surface as in Fig. 2�b� �t=5 s� and
reached a steady state as in Fig. 2�c� �t=47 s�. With this
vibration, the temperature rose at most several mK.

Brightness I at a particular point in the high-speed camera
image was fast Fourier transformed in order to analyze the
amplitude of the wave in a frequency domain. Using several
points in the image, we checked that results did not depend
on which points were used for the analysis. Fourier spectra
of I after reaching the steady state are shown in Fig. 3, where
T=700 mK and f0=24.0 Hz as in Fig. 2. Crosses, triangles,
squares, and circles are at �g=0.14, 0.20, 0.23, and
0.34 m/s2, respectively. We can clearly see that standing
waves were generated at one-half of the vibration frequency
and were parametrically excited. This is the necessary con-
dition for the Faraday instability. Large Faraday waves were
excited at driving frequencies of f0=24.0, 27.1, 28.3, 29.4,
29.9, 41.0, 42.2, and 43.2 Hz in the superfluid and f0=28.6,

29.8, and 41.1 Hz in the normal fluid. Width of this reso-
nance was typically a few 0.1 Hz.

III. RESULTS AND DISCUSSION

In Fig. 4, the peak intensities I0 of the Fourier spectra at
the Faraday resonance are plotted as �g. In this case f0
=29.8 Hz, where instability occurred in both the superfluid
and the normal fluid. Circles are in the superfluid phase at
T=700 mK, and triangles are in the normal phase at T
=3.7 K. I0 stayed near 0 in small �g but became finite in
large �g. There exists a threshold value �gc for the wave
excitation in both the superfluid and the normal fluid: �gc
=0.53 m/s2 in the superfluid at 700 mK �dashed line� and
�gc=0.67 m/s2 in the normal fluid at 3.7 K �dotted line�. At
400 mK, �gc was almost the same as at 700 mK. In the su-
perfluid phase we need smaller excitation for the instability
than in the normal fluid phase and the difference in the
threshold is ���gc�=0.14 m/s2. Similar behavior was ob-
served at other frequencies. Although the scatter of data in
the instability region is rather large, data in the stable region
have much smaller noise, and thus we can easily tell when
the system enter the instability region. Error bars in the in-
stability region were determined by a fluctuation of the peak
intensity. The fluctuation was larger in the instability region
than in the stable region, probably because of a higher sen-

FIG. 2. �Color online� Superfluid free surface of 4He at 700 mK.
It was flat when the sample cell was at rest �a�. Once the sample cell
started to be vibrated at t=0 above a threshold amplitude at fre-
quency f0=24.0 Hz, standing waves developed on the surface as �b�
at t=5 s and �c� at t=47 s.
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FIG. 3. �Color online� Fourier spectra of brightness I at a par-
ticular point of a superfluid surface at T=700 mK and f0

=24.0 Hz. Crosses, triangles, squares, and circles are at �g=0.14,
0.20, 0.23, and 0.34 m/s2, respectively.
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FIG. 4. �Color online� Peak intensities I0 of the Fourier spectra
at the Faraday resonance are plotted as �g at f0=29.8 Hz. Circles
are in the superfluid phase at T=700 mK, and triangles are in the
normal phase at T=3.7 K. A clear threshold appears for the insta-
bility: �gc=0.53 m/s2 at 700 mK �the dashed line� and �gc

=0.67 m/s2 at 3.7 K �the dotted line�. The difference is ���gc�
=0.14 m/s2.
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FIG. 5. �Color online� Peak intensities I0 as a function of time t
at f0=29.8 Hz, �g=0.88 m/s2, and T=700 mK in the superfluid
phase.
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sitivity to the external mechanical noise in the instability
region. Note that absolute values of I0 have no meaning in
this figure because the illumination conditions were not al-
ways the same at different temperatures. Although I0 is larger
in the normal phase than in the superfluid phase, this does
not mean that Faraday waves are larger in the normal phase.

I0 is plotted as a function of time t in Fig. 5 to see the
evolution of the Faraday instability. In this case, f0
=29.8 Hz and �g=0.88 m/s2 in the superfluid phase at T
=700 mK. Similar parameters were used for the hysteresis
measurement described in the next paragraph. Growth of the
peak intensity is clearly seen, and it took about 30 s for the
instability to fully develop in this driving force. Even after
t�40 s, the signal shows a large scatter due to the sensitivity
to the external mechanical noise mentioned above.

A clear hysteretic behavior was observed at T=700 mK
when a driving frequency was swept as Miles theoretically
predicted in nonlinear Faraday resonance �6�. The driving
frequency was initially set at f0=28.0 Hz, increased to
30.0 Hz, and decreased to 28.0 Hz again. The increment and
the decrement were 0.1 Hz and �g�0.88 m/s2. At each fre-
quency we waited for 50 s for the system to reach equilib-
rium and took the spectrum of the wave. The amplitude of
the Faraday wave at each frequency was estimated by fitting
the resonance in the Fourier spectrum. Circles indicate the
increment and squares the decrement in the lower panel of
Fig. 6. In order to see the behavior not influenced by its
history, we also checked whether or not the wave was gen-
erated when started from rest. The system was kept at rest for
60 s before the driving and spectra were measured 50 s after
the driving when it reached a steady state. The amplitude of
the wave is plotted by triangles in the upper panel of Fig. 6.
When started from rest no Faraday wave was generated at f0
between 28.7 and 29.2 Hz. However, we could retain the
wave in this stable range if it was coming from the unstable
region as seen in Fig. 6. The wave was still generated at f0
=28.7 Hz when coming from the low-frequency unstable re-
gion and in the range between 29.0 and 29.2 Hz coming
from the high-frequency region.

Surface waves in a cylindrical geometry can be expanded
in terms of the orthogonal sets Sl,m�r ,�� using the Bessel
function Jl as �2�

Sl,m�r,�� = Jl�kl,mr� � � sin l� ,

cos l� ,
� �1�

where kl,m is the mth zero of Jl��kl,mR� assuming a 90° contact
angle and R=13 mm. The frequency of each mode can be
given in a deep-wave approximation as

	l,m
2 =


kl,m
3

�
+ kl,mg , �2�

where 
, �, and g are surface tension, density of liquid, and
gravity acceleration, respectively. The observed mode in Fig.
2 looks like a radial mode and is likely to be the l=0 and
m=2 modes, whose frequency is close to the observed fre-
quency 12 Hz. Not all other modes observed are l=0, and
the eigenfrequencies come close to each other. We have
many possibilities for the modes and are unable to success-
fully identify them.

The Faraday instability problem can be mapped to the
Mathieu equation. The amplitude of a mode a in the presence
of a vertical vibration is described by the Mathieu equation
�2�

d2a

dt2 + 	l,m
2 �1 − � cos 	t�a = 0, �3�

where �=kl,mA	2 /	l,m
2 . Once a parametric resonance condi-

tion is met, 	=2	l,m, a increases in the t→ limit without
any threshold amplitude in the vibration and the mode be-
comes unstable.

For a viscous fluid, a damping term � da
dt is added to the

left hand side of Eq. �3�, where � is proportional to the
dissipation in the system. This term stabilizes the flat surface
in a small vibration amplitude and a threshold value appears
for the instability at the resonance,

�c = 4kl,mAc =
4kl,m�gc

	2 =
4�

	
. �4�

The damping constant � is given as

�b � �kl,m
2 �5�

for the bulk viscous damping and

�w �
	lD

2L
�6�

for the wall damping, where �, lD= �4� /	�1/2, and L are the
kinematical viscosity, the dissipation length, and the system
size �7–9�. These dampings give the threshold amplitude at
3.7 K as �gcb�4�10−3 m/s2 for the bulk damping and
�gcw�0.08 m/s2 for the wall damping in kl,m�k0,2 �17�.
Our sample cell is relatively small, and thus the wall damp-
ing dominated the bulk viscous damping. At 700 mK, frac-
tion of the normal component is small �17�, �n /��10−4, and
thus �gc caused by the damping is negligible. The observed
difference in the threshold excitation between the superfluid
and the normal fluid in Fig. 4 is ���gc�=0.14 m/s2 and on
the same order of magnitude as �gcw in the normal phase.
The wall damping is found to be the cause of the difference
in the threshold excitation between the superfluid and the
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FIG. 6. �Color online� Hysteretic behavior of Faraday waves at
T=700 mK when a driving frequency was swept. Circles �squares�
indicate increasing �decreasing� frequency, and triangles are the
case started from rest. A bistable region is clearly seen.
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normal fluid. However, these dampings fail to explain the
absolute value of �gc. Although it would be very interesting
if the superfluid had an additional damping, the excess of
�gc, which should be common to the superfluid and the nor-
mal fluid, may be due to extrinsic origin such as a misalign-
ment of the cell, vibration direction, and so on. We have not
figured out the real cause of the excess of the threshold yet.
Wall velocity v estimated to be v=A	�2 mm/s cannot be
expected to give larger damping in the superfluid than the
wall damping in the normal fluid. Peculiar features in super-
fluid, such as the dissipation due to the nucleation of the
quantized vortices, quantum turbulence, and so on, may alter
the response of the system via the larger vibration than that
used in this paper.

IV. SUMMARY

We observed parametric excitation of Faraday waves in
the normal fluid phase and in the superfluid phase in the

low-temperature limit where the normal fluid density is neg-
ligible. The threshold amplitude for the excitation is larger in
the normal fluid than in the superfluid, and the difference is
explained by the wall damping in our sample cell geometry.
Hysteretic behavior specific to the nonlinear waves was also
observed in the superfluid phase. Additional measurements
as the dispersion relation, mode identification, and various
bifurcation diagrams are needed to have further insight into
the Faraday instability in the superfluid.
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